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We show that the gauge orbits of non-Abelian embedded monopoles are associated with a represen-
tation of the residual gauge symmetry. This is consistent with non-Abelian monopoles lying within
multiplets that form representations of the residual gauge symmetry. Implications of this result are
discussed in detail.
I. INTRODUCTION
Gauge eld theories provide the modern framework
for describing the interactions between particles, with
their nature prescribed by the relevant symmetries of the
situation. A remarkable feature of such interactions is
that, in addition to describing the force between parti-
cles, the structure of the symmetries can also provide sta-
ble congurations of the constituent elds. An example
of such congurations are monopoles, which are charged
nite energy solutions localised in space. Consequently,
a relevant and natural question to ask is how do these
monopoles interact with each other?
This question has a history dating back to soon af-
ter ’t Hooft and Polyakov’s description of monopoles in
spontaneously broken gauge theories [1]. To answer such
a question requires a denite characterisation of the sym-
metries of the monopole conguration. Symmetries that
relate to the residual gauge groupH are local and as such
can be expected to give rise to a gauge interaction. The
form of this interaction should naturally be prescribed by
the relevant symmetries of the monopole conguration.
A specic symmetry of non-Abelian monopoles has
been discovered by Goddard, Nuyts and Olive [2]. Fol-
lowing Englert and Windey [3], they considered the spec-
trum of magnetic chargesQ of non-Abelian monopoles to




Topological arguments then lead to the quantisation of
the magnetic charge [2,3]
exp(eQ) = 1: (2)
The general solution to which is that any magnetic charge








(a)  T 2 H: (3)
Here the Ti are a set of mutually commuting generators
of the residual symmetry group, and (a) = (a)=(a)
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are the duals to l simple roots. The integers na label the
specic monopole. Generally these are not gauge invari-
ant and transform into one another under the Weyl sub-
group of the residual symmetry. This group is described
by roots  2 (H) and transforms the associated dual
root to its reflection in the hyperplane   x = 0.
Goddard, Nuyts and Olive interpreted the lattice of
magnetic charges in Eq. (3) as being the weights of a




Given this interpretation they proposed two alternative
implications for their results: (a) the weights label the
dierent monopoles; or, more strongly, (b) the weights
are labelling the representation of the monopole. In case
(b) this means that the dual group describes the symme-
tries of the monopole conguration and would then be
the natural candidate for the gauge group describing the
interaction of monopoles.
In this paper we address the symmetry of non-Abelian
monopoles from a slightly dierent perspective. In par-
ticular we consider ’t Hooft-Polyakov monopoles embed-
ded within a larger gauge theory. The importance of such
congurations is that their spectrum may be described




We shall exploit this algebraic structure to determine the
dierent possible embeddings of the associated monopole,
and hence determine directly the symmetries of particu-
lar non-Abelian monopole congurations.
Our method is to describe a monopole degeneracy by
an associated gauge orbit, which is a collection of rigidly
gauge equivalent monopoles. This gauge orbit is exactly
analogous to associating an orbit H  Ψ with a particle
Ψ that transforms under a gauge symmetry H . As such
it is representative of both the gauge symmetry and the
representation that the particle transforms under. Our
main result is that the orbit of rigidly gauge equivalent
embedded monopoles has the isomorphism
O = Ad(H)X; (6)
whereX is an associated element ofM, the set of all gen-
erators of massive gauge bosons. This appears to give a
correspondence between the transformations of magnetic
1
monopoles and the transformations of the massive gauge
bosons under the residual symmetry group H .
Given this method, the plan of this paper is as fol-
lows. Firstly we introduce the framework of embedded
monopoles, relating them to fundamental monopoles and
describing the associated algebraic structure. This al-
lows us to discuss the gauge transformations of embed-
ded monopoles and we utilise the associated algebraic
structure to describe the gauge orbits, proving Eq. (6),
the main result of this work. Then, to provide a specic
example, we illustrate many of our results with Georgi-
Glashow SU(5) ! SU(3) SU(2) U(1)=Z6 symmetry
breaking. Finally we draw our conclusions and discuss
the implications of this work.
II. EMBEDDED AND FUNDAMENTAL
MONOPOLES
A. Framework
We consider a spontaneously broken Yang-Mills theory
dened by a simple, compact gauge group G and a scalar
eld  in the adjoint representation of G. The dynamics
of the interacting scalar and gauge elds are described
through the following Lagrangian
L[; A] = − 14 hF ; Fi+ 12 hD; Di − V []; (7)
where
F = @A − @A + e[AA ]; (8)
D = @ + e[A;]; (9)
and the inner product is taken from the Killing form
hX;Y i = −2 tr[ad(X)ad(Y )]; (10)
representing the natural Ad(G)-invariant inner product
on the algebra G.
Taking the potential V [] to be minimised by the
scalar eld value 0, the residual symmetry group con-
sists of elements h 2 H satisfying
Ad(h)0 = 0: (11)
Then the inclusion of H  G denes a relevant decom-
position of G into a set of massless and a set of massive
gauge boson generators
G = HM: (12)
This decomposition is respected by the adjoint action of
the residual symmetry H
Ad(H)H  H; Ad(H)MM; (13)
so that the massive gauge bosons form a representation
of H . In general this representation may be reducible,
and decomposes into irreducible representations
M = M1     Mn: (14)
Each set corresponding to a gauge family of massive
gauge bosons.
Since we are considering the scalar eld to lie in the
adjoint representation of H then necessarily
rank(G) = rank(H) = l: (15)
Hence we may choose a common Cartan subalgebra T
for both H and G. Then the vacuum may be denoted
0 = v h  T ; (16)
with respect to a suitable orthonormal basis fT1;    ; Tlg.
This is guaranteed by the following result [6]: Given a
Cartan subalgebra T  H, for any element X 2 H there
exists an h 2 H such that Ad(h)X 2 T .
B. 't Hooft-Polyakov Monopoles
We shall start by quickly reviewing ’t Hooft-Polyakov
monopoles [1]. These occur in the spontaneously broken
gauge theory
su(2)Q ! u(1)Q: (17)
Here Q is a label that will become apparent later. To
describe the monopole solution we shall usefully split
su(2)Q as in Eq. (12)
su(2)Q = u(1)Q MQ: (18)
Then we may further write
MQ = R t1Q R t2Q; (19)
u(1)Q = R t3Q; (20)
where ft1Q; t2Q; t3Qg generate su(2)Q and are orthonormal
with respect to Eq. (10)
htiQ; tjQi = ij : (21)
It should be noted that we have implicitly taken the de-
composition in Eqs. (19,20) with respect to the vacuum
0 = vt3.
Given this structure, the ’t Hooft-Polyakov monopole
solution can be written in the form




r^ ^ tQ; (23)
with a scalar eld angular structure described by
2
g(Ω) = exp((t2Q sin’− t1Q cos’)): (24)
Note that Ad(g(Ω))0 = v r^ tQ gives the usual ’t Hooft-
Polyakov expression.
Asymptotically the prole functions behave as
h(r)  1; u(r)  0; (25)
from which the asymptotic magnetic eld is found from
the space-space components of the gauge eld tensor
B(r)  r^
er2




a magnetic monopole. From this solution we extract the
magnetic charge by considering the gauge orientation of





as in Eq. (1). Equivalently this may be considered as the
asymptotic magnetic eld in the direction r^3, where the
scalar eld tends to 0.
C. Embedded Monopoles
Embedded monopoles [7] are of the ’t Hooft-Polyakov
form, but contained within a larger gauge theory. Then
both the scalar and gauge elds take non-zero values only
on an su(2)Q ! u(1)Q subtheory. This is consistently





Then the magnetic charge Q 2 H and vacuum 0 are
elements of the full theory.
The aim of this section is to nd the embeddings in
Eq. (28) that give rise to embedded monopole solutions.
Not all embeddings do, and it is only when the above
’t Hooft-Polyakov type Ansatz (22,23) satises the eld
equations that a solution is admitted.
Recalling Eqs. (12,18), it is clear that the monopole
embedding can be described in terms of its algebraic
structure
G = H  M
[ [ [ (29)
su(2)Q = u(1)Q MQ:
The preservation of M under the action of H implies
that the relative decompositions in Eq. (29) are similarly
preserved under the action of h 2 H
su(2)Q ! Ad(h)su(2)Q: (30)
This property transpires to be of crucial importance later
in this paper.
Our result classifying the embedded monopole spec-
trum is: the Ansatz of Eqs. (22,23) denes a solution
only for an su(2)Q embedding with
MQ Mi: (31)
Thus MQ is a subspace of one of the gauge families Mi
in Eq. (14). This constitutes the central result of this
section.
Although we shall provide a proof of Eq. (31) in Ap-
pendix A, we now show that it relates to an analogous
result on the classication of embedded vortices. These





where U(1)X = exp(RX). Their classication states
that an embedded vortex constitutes a solution to the
equations of motion providing that [8]
X 2Mi: (33)
The point is that the spectrum of embedded vortices is
related to the spectrum of embedded monopoles through
the following tower of embeddings
G ! H
[ [
su(2)Q ! u(1)Q (34)
[ [
u(1)X ! 0:
From this we conclude that every X 2 MQ denes an
embedded vortex. Hence, by the result in Eq. (33)
MQ Mi: (35)
This shows that the monopole embedding may only be of
the form in Eq. (31). However, to prove that every such
embedding produces a solution is more dicult, requiring
a direct examination of the eld equations. Such a proof
is provided in Appendix A.
D. Fundamental Monopoles
Fundamental monopoles [4] constitute an important
subset of embedded monopoles. They are a vital concept
because any monopole solution, embedded or otherwise,
may be interpreted as a composition of them.
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In particular, as discussed in the introduction, a gen-
eral solution of the quantisation condition exp(eQ) = 1








(a)  T 2 H: (36)





The monopoles associated with these simple roots are the
fundamental monopoles.
In fact this set of fundamental monopoles splits into
massive and massless varieties [5], with the massless
monopoles associated with the roots of H . We shall
discuss here only the massive fundamental monopoles,
which correspond to the roots of G that are not roots of
H . Furthermore, we shall refer to the set of all possible
massive fundamental monopoles.
It will be necessary to discuss the roots (G) and the
root structure of G in more detail. Recall that a root ,
and its associated root space E, are dened by
i ad(T )E = E: (38)
These E’s may be conveniently normalised to
[E; E−] = i  T : (39)
The important consideration here is that associated with




2 (E + E−);
t2 = −i(22)−
1
2 (E − E−); (40)
t3 = 
  T :
Denoting the associated algebra by su(2), it is clear that
when  2 (H) then su(2)  H.
The suggestion made by Eq. (40) is that massive funda-
mental monopoles are embedded monopoles. In keeping
with this we associate with Eq. (18)
su(2) = u(1) M; (41)
with the identication
u(1) = R  T ; (42)
M = R t1 R t2; (43)
relating to Eqs. (19,20).
Before proving that the su(2) embedding associated
with a massive fundamental monopole does indeed de-
ne an embedded monopole we shall rstly explore some
features of the above denitions. It transpires that
the algebraic features of Eqs. (42,43) allow us to prove
that the above structure implies an associated embedded
monopole.
The main algebraic features of Eqs. (42,43) arises from
considering the collection of all such algebras








Then, recalling G = H M, one has an associated de-
composition
(G) = (H) + (M); (46)





The main mathematical observation of this section is that
associated with the decomposition of M into the gauge
families of Eq. (14)
M = M1     Mn; (48)
is a corresponding decomposition of (M)






We shall delay proof of Eqs. (49,50) to the end of this
section, and rstly discuss the consequences for monopole
classication.
The consequence of the result in Eq. (50) is that
all massive fundamental monopoles are embedded, since
trivially M  Mi. Therefore fundamental monopoles
correspond to the roots of (M), and such roots de-
ne subspaces M associated with the monopole embed-
dings. Mathematically, each magnetic charge Q =  T
is dened by a root  2 (M) that species an su(2)
embedding
su(2)Q = su(2): (51)
This embedding denes a reduction into
u(1)Q = u(1)  H; (52)
MQ = M M; (53)
such that each Mi has the decomposition into subspaces






We now discuss proof of Eqs. (49,50). Consider the
decomposition of M into the gauge families Mi. Then
the adjoint action of Ad(exp(T ))  Ad(H) subdivides
each Mi further into
Mi = M1i     Mki : (55)
Now, by considering the power series expansion and using
the denition in Eq. (38), we also have
Ad(exp(  T ))E = exp(−i  )E : (56)
Therefore if we consider the corresponding action on t1
and t2 ,











with R(  ) an SO(2) rotation matrix rotating t1 and
t2 within their corresponding M,
R(  ) =

cos(  ) sin(  )
− sin(  ) cos(  )

: (58)
From this we conclude that the irreducible subspaces of
Ad(T ) acting on M are precisely the M. Consequently
the Mji of Eq. (55) are identied with these M . This
completes the proof.
E. Embedded Combinations of Fundamental
Monopoles
In this section we enquire as to the form of embed-
ded monopoles that are not fundamental. In particular,
we discuss a specic set of non-fundamental embedded
monopoles.
Non-fundamental embedded monopoles correspond to
combinations of fundamental monopoles. The nature of




su(2)(1)      su(2)(p) ! u(1)(1)      u(1)(p)
such that the set f(1);    ;(p)g 2 (Mi) are mutually
orthogonal roots, in that
(i)  (j) = 0; i 6= j: (60)
In such a case the root spaces E(i) and E(j) commute.
Hence Eq. (40) implies that [M(i) ;M(j) ] = 0, a neces-
sary requirement for the structure in Eq. (59).
Physically the embedding in Eq. (59) corresponds to
identifying a maximal set of fundamental monopoles
whose gauge elds commute with one another.
The point of this embedding that it is possible to di-
rectly construct diagonal su(2) algebras lying between
the other su(2) algebras in the above embedding. Such
diagonal su(2) subalgebras may also dene embedded
monopoles. The existence of these is found by explicit
construction, such that they have a basis
t1 = n1t1(1) +   + npt1(p) ; (61)
t2 = n1t2(1) +   + npt2(p) ; (62)
t3 = (n1 12(1)
(1) +   + np 12(p) (p))  T ; (63)
where all ni 2 f0; 1g. It may be easily checked that they
dene an su(2) algebra.
III. ORBIT STRUCTURE OF EMBEDDED
MONOPOLES
A. Gauge Transformations of Embedded Monopoles
A rigid gauge transformation by an element h 2 H
acts upon the scalar and gauge elds of an embedded
monopole by transforming
(r) 7! Ad(h)(r); (64)
A(r) 7! Ad(h)A(r): (65)
Recalling the embedded monopole Ansatz in Eqs. (22,23)




r^ ^ tQ; (67)
g(Ω) = exp((t2Q sin’− t1Q cos’)); (68)
it is clear that the transformation in Eqs. (64,65) is en-
tirely equivalent to transforming
tQ 7! Ad(h)tQ: (69)
This relates to the embedding of su(2)Q = u(1)Q MQ
in the following way
Q 7! Ad(h)Q; MQ 7! Ad(h)MQ: (70)
In conclusion a rigid gauge transformation of the embed-
ded monopole may be described through a transforma-
tion of its magnetic charge and its associated MQ.
We start by rstly considering those rigid gauge trans-
formations that are dened by elements
h() = exp(Q) 2 U(1)Q; (71)
so that the corresponding action is trivial upon u(1)Q.
These transform MQ to itself, representing an internal















which is entirely equivalent to transforming
g(; ’) 7! g(; ’+ ): (73)
Consequently the eect of a rigid gauge transformation
dened by h() upon the monopole solution is to rotate
(r; ; ’) 7! (r; ; ’+ ); (74)
A(r; ; ’) 7! A(r; ; ’+ ): (75)
Rigidly rotating the monopole around the (; ’) = (0; 0)
axis. This is specied by the embedding of H  G such
that the action of h() keeps 0 = (1; 0; 0) invariant.
Next we consider the eects of a gauge transformation
on the magnetic charge Q. By Eq. (80) the magnetic
charge transforms under a rigid gauge transformation to
Q 7! Ad(h)Q: (76)
Considering all possible transformations leads to a man-
ifold of gauge equivalent magnetic charges
M(Q) = Ad(H)Q: (77)
Analogously to the usual coset space representation of a
vacuum manifold, MQ may be expressed as an isomor-




Here C(Q) is the centraliser of Q in H such that
C(Q) = fh 2 H : Ad(h)Q = Qg: (79)
Its algebra consists of elements that commute with Q.
The main point of this section is that all possible rigid
gauge transformations of the monopole consist of both
the rotation by U(1)Q and the action upon the mag-
netic charge. This may be consistently described by col-
lectively taking the transformations in Eqs. (72,76) to-
gether. Then all rigid gauge transformations of an em-
bedded monopole may be jointly considered as a trans-
formation of its su(2) embedding
su(2)Q 7! Ad(h)su(2)Q: (80)
Our tactic for examining the gauge transformation prop-
erties of embedded monopoles is to examine the features
of Eq. (80) acting upon the su(2) embeddings of the
monopoles.
The gauge equivalent embedded monopoles collectively





Here C(su(2)Q) is the centraliser of su(2)Q in H ,
C(su(2)Q) = fh 2 H : Ad(h)su(2)Q = su(2)Qg: (82)
The above expression for M(su(2)Q) describes the or-
bit of gauge equivalent embedded monopoles. It is com-
pletely characteristic of the gauge equivalence structure
of these monopoles.
We may convert the above expression into a more use-
ful form by the following result, proved below
C(su(2)Q) = C(X); X 2MQ: (83)




; X 2MQ: (84)
This constitutes the main result of this section. It equates
the gauge orbit of embedded monopoles with an orbit
formed by acting the residual symmetry group upon an
associated element X .
To prove Eq. (83) we make two statements. The rst
of which is
C(su(2)Q) = C(MQ); (85)
where C(MQ) is the centraliser of MQ. This follows
immediately from the commutation relations of su(2)Q:
since [X;Y ] = Q then C(MQ)  C(U(1)Q) and Eq. (85)
is implied.
The next statement is that
C(MQ) = C(X); (86)
for any non-trivial X 2 MQ. This follows from again
using C(MQ)  C(U(1)Q), which implies that U(1)Q
commutes with C(MQ). Then since any non-trivialX 0 2
MQ is proportional to Ad(h)X for some h 2 U(1)Q we
infer that C(X 0) = C(X), obtaining Eq. (86).
B. Multiplet Structures of Embedded Monopoles
We now examine the relationship between the multi-
plet structure of sec. (II D) and the gauge orbit structure
of sec. (III A). In particular we relate the decomposi-










; X 2M : (88)
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It seems fairly clear that each of the embeddings su(2)
should correspond to a particular point in the gauge or-
bit, and indeed this is what we nd.
Our technique for examining the multiplet structure
of massive fundamental monopoles relate to the approach
taken by [2]. They considered transformations taking the
magnetic charge back to T ,
Q 7! Ad(h)Q 2 T ; (89)
which are dened by the following elements of H
w = exp[i(E + E−)=
p
22];  2 (H): (90)
Such elements map
Q =   T 7! Ad(w)Q = 0  T ; (91)
with 0 a Weyl reflection of  in the hyperplane  x = 0
 7! 0 = () =  − 2  =2: (92)
All such reflections form a nite group, the Weyl group
W = f1; w :  2 (H)g  H: (93)
We conjecture that the Weyl group is transitive over all
roots in each (Mi). In that case H is transitive over all
magnetic charges in the same gauge family Mi. However,
since this result is not central to this paper we shall not
consider it further.
We now determine how the Weyl group W acts upon
the subspacesM . To do so observe that when the su(2)
algebras containing u(1) = R  T are unique then the
Weyl reflections can only take
M ! Ad(S)M = M0 : (94)
Otherwise the situation is slightly more complicated, as
we shall discuss below.
On this issue of when there is a unique such su(2)
algebra containing u(1) , consider those algebras of the
form
su(2) = u(1) R t1 R t2; t1; t2 2M: (95)
Writing E1 = t1 + it2 and E2 = t1 − it2, we use the
following algebraic structure
i[  T =2; Ei] = Ei: (96)















i.e. xiγ may only be non-zero for  γ=2 = 1. Of course
this is trivially satised for γ = , and this just yields
su(2) for the associated su(2) algebra. The question is
then, when are there other elements of (Mi) satisfying






associated with a set of simple roots fγ(1);    ;γ(l)g.
Since Kij refers to the number of edges connecting the
ith and ith nodes of the Dynkin diagram, we have to nd
those groups that have diagrams containing two edges




= 1;  6= γ (100)
may only be satised for the groups SO(2n + 1), Sp(n)
and F4. Otherwise, namely for SU(n), SO(2n) and the
other exceptional groups, su(2) is the unique algebra
containing u(1) and the M ’s transform as in Eq. (94).
So what happens in SO(2n + 1); Sp(n) and F4? We
infer that it nd that it is possible to perform a gauge
transformation of a fundamental monopole into a state
that has the same magnetic charge as a topologically dis-
tinct monopole. The monopoles can have dierent em-
beddings and dierent homotopy classes but still have
the same magnetic charge. In a sense this is a form of
generation structure.
C. Orbits of Embedded Monopoles
Before continuing with our discussion of monopoles it
will be necessary to to discuss the adjoint action of the
residual symmetry group upon M. Recall that the ad-
joint action denes a representation of the massive gauge
bosons under the residual gauge symmetry. Generally
this representation is reducible into the gauge families of
Eq. (14)
M = M1     Mn: (101)
Thus the adjoint action gives an irreducible representa-
tion of H upon each Mi.
An associated feature of this decomposition is the col-
lection of gauge orbits under the action of the residual
symmetry upon elements of Mi. Such orbits are charac-
teristic of both the representation and the symmetry. In




Collectively these orbits interleave to ll Mi.
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However, upon recalling Eq. (84), it becomes clear that
the gauge orbit obtained from the gauge boson generators
is precisely the same as the gauge orbit obtained from the
gauge transformations of embedded monopoles. More
exactly, Eqs. (84) and (102) imply that the gauge orbit of
embedded monopoles under the residual symmetry group
is
M(su(2)Q) = Ad(H)X; X 2 MQ: (103)
This is main result of this paper.
The implication of Eq. (103) is that associated with
each monopole embedding is a massive gauge boson gen-
erator
su(2)Q $ X 2MQ (104)
such that the gauge orbits for both of these are exactly
the same. Thus the element X can be though of as la-
belling the position of the su(2) embedding within the
gauge orbit. As the residual symmetry group moves the
su(2) embedding around it moves X around in a cor-
responding manner. This gives an equivalence between
the gauge orbits of embedded monopoles and the gauge
orbits of massive gauge bosons.
The above reasoning naturally leads to the following
proposal: Monopoles transform under the residual gauge
symmetry, with an exact correspondence to the families
of massive gauge bosons Mi. Such gauge bosons lie in
the adjoint representation of that symmetry.
We discuss the implications of this proposal in the con-
clusion to this paper, and concentrate here on its de-
tails. In certain cases it is sucient to consider only em-
bedded monopoles, in which case the proposal has been
rigourously proved. We discuss such cases at the end of
this section, indicating rstly when the situation is more
complicated.
In general there may also be non-embedded monopole
solutions. Such solutions are not covered by our for-
malism, and generally relate to non-trivial combinations
of fundamental monopoles. However, since we have
explicitly displayed the gauge orbits for fundamental
monopoles, this strongly indicates that the above pro-
posal should hold generally. Indeed any symmetry of
such non-embedded monopoles must be compatible with
the symmetries displayed by the constituent fundamental
monopoles.
An exact and explicit example of the above proposal
occurs when rank(Mi) = 1. In that case the residual
symmetry is transitive over generators X 2 Mi, and
every embedded monopole corresponds to an associated
generator X 2 Mi. Then it is not necessary to consider
non-embedded monopoles since every gauge boson is in
correspondance with an embedded monopole.
IV. EXAMPLE: SU(5)! SU(3) SU(2) U(1)=Z6
The monopoles of Georgi-Glashow SU(5) symmetry
breaking are those of the dual standard model [9], where
the gauge orbits of monopoles have been discussed at
length [10]. We summarise some of those results here,
using that work as an example of the formalism in this
paper. For brevity we refer to su(3) su(2) u(1) as H.
Associated with the SU(5) symmetry breaking is a cor-
responding split of the gauge boson generators into mas-
sive and massless families
su(5) = [su(3) su(2) u(1)]M; (105)





        
M ... su(2)
1
CCA u(1)  su(5); (106)
where u(1) is along the diagonal, commuting with both
su(3) and su(2). In regard to the gauge families M is
irreducible under the adjoint action of SU(3) SU(2)
U(1)=Z6. Therefore the residual symmetry group denes
an irreducible representation upon M.
Then we dene a Cartan subalgebra T of the residual
symmetry group. For consistency with the embedding in
Eq. (106) we take the following diagonal generators,
T1 = i diag(− 13 ;− 13 ; 23 ; 0; 0); (107)
T3 = i diag(1;−1; 0; 0; 0); (108)
T3 = i diag(0; 0; 0; 1;−1); (109)
T4 = i diag(1; 1; 1;− 32 ;− 32 ): (110)
To provide a comparison with [10] we have not nor-
malised these generators. This will eect the denition
of the dual roots.
With respect to these generators the four roots of H






































In parallel with Eq. (105) the roots of su(5) decompose
into two sets
(su(5)) = (H) + (M): (114)
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Then the roots associated with massive gauge bosons



























































Each of the above roots (i) 2 (M) has an associated
su(2)(i) algebra embedded within su(5) in the following
manner
su(5) ! [su(3) su(2) u(1)]M
[ [ [ (118)
su(2)(i) ! u(1)(i) = R(i)  T M(i) :
















The above describes all of the structure required to
specify the set of massive fundamental monopoles. These
are ’t Hooft-Polyakov monopoles dened on the subthe-
ories su(2)(i) ! u(1)(i) . Since all such embeddings
satisfy the condition M(i)  M, they are embedded
monopoles and therefore constitute solutions to the eld
equations.
In addition there are also embedded monopoles that
are not fundamental. These are described in sec. (II D)
and have embeddings diagonal within M(i) and M(j)
such that [M(i) ;M(j) ] = 0. Within su(5) the partic-
ular embeddings correspond to magnetic charge values
f(i)  (j−36=i) : i 2 f1; 2; 3g; j 2 f4; 5; 6gg. Associated
with each such magnetic charge is a non-fundamental em-
bedded monopole.
The above embedded monopoles transform under a
rigid gauge rotation of their embedding
su(2)Q 7! Ad(h)su(2)Q; (120)
with h an element of the residual symmetry group. The
gauge orbit of all possible embeddings denes a manifold
Ad(H)su(2)Q = Ad(H)X; X 2 MQ: (121)
In particular for the fundamental monopoles
Ad(H)su(2)(i) =
SU(3) SU(2) U(1)=Z6
SU(2) U(1) U(1)=Z2 : (122)
In [10] this manifold was identied with the gauge or-
bit of the fundamental representation of H upon C32.
This may be seen more easily with respect to Eq. (121),
where the action of H upon the monopole embedding is
given by the adjoint action of H upon M. Since the ad-
joint action of H upon M is irreducible and M= C32
we can infer directly that this action is the fundamental
representation of H .
Within the gauge orbit of fundamental monopoles,
given by Eq. (122), there are discrete points correspond
to the roots (i). The action of the residual symmetry
group between such states is constructed from the Weyl
subgroup W , consisting of the elements
f1; exp[i(E(a) + E−(a))=
p
2 2(a)] : a 2 f0; 3gg: (123)
The action of w(a) 2 W is to transform
Ad(w(a) )su(2)(i) = su(2)(j) ; (124)
where
(j) = (a)((i)) = (i) − 2(a)  (i)=(a)2; (125)
represents a Weyl reflection of the root (i) in the hyper-
plane (a) x = 0. The eect of these may be summarised













In this discussion we tie together the dierent sections
of this paper. Our aim is to show a similarity between the
transformations of elementary particles and the trans-
formations of monopoles under the residual symmetry
group. To achieve this we shall highlight some features
of this paper.
(1) Firstly, we are dealing with a spontaneously broken
gauge theory G! H , with certain restrictions on G and
9
H outlined at the beginning of this paper. The genera-
tors of the gauge bosons split into massless and massive
families
G = HM: (126)
The massive gauge bosons form a representation of the
residual symmetry group H under the adjoint represen-
tation. This representation is reducible into irreducible
parts
M = M1     Mn: (127)
Each part represents a gauge family of massive gauge
bosons.
(2) Secondly, embedded monopoles are su(2) ’t Hooft-




Given a normalised set of commuting generators fT ig in
H, the massive fundamental monopoles are specied by
the roots  2 (M), where (G) = (H) + (M), such
that
u(1)Q = R  T : (129)
Writing su(2)Q = u(1)QMQ associates the embeddings





In total (M) = (M1) +   + (Mn).
(3) Thirdly, we have shown that the action of the resid-
ual symmetry group H upon the su(2) embedding of an
embedded monopole is to take
su(2)Q ! Ad(h) su(2)Q; h 2 H: (131)
(4) Finally, this action gives rise to a class of gauge equiv-
alent monopoles. The features of this class may be de-




where C(su(2)Q) is the stabiliser of the monopole em-
bedding
C(su(2)Q) =
fh 2 H : Ad(h)X = X; for all X 2 su(2)Qg: (133)
The crucial feature of this gauge orbit is that
M(su(2)Q) = Ad(H)X; X 2MQ: (134)
The implication is that the action of H upon the embed-
ding of a monopole is entirely equivalent to the action of
H upon the massive gauge boson generated by X 2MQ.
Hence we infer that associated with each embedding
of an su(2)Q monopole is an element X 2 MQ. This
element labels the embedding of the monopole. As the
embedding is moved around its gauge orbit by the action
of H the label X moves around an equivalent gauge orbit
Ad(H)X . In terms of acting the residual symmetry upon
a monopole the concepts of embedding su(2)Q  G and
considering an element X 2 MQ are completely inter-
changeable.
In keeping with the above reasoning we make the fol-
lowing proposal, proved for rank(Mi) = 1 and well moti-
vated otherwise: Monopoles transform under the residual
symmetry, with an exact correspondence to the families
of massive gauge bosons Mi. Such gauge bosons lie in
the adjoint representation of that symmetry.
In other words the monopole embeddings are labelled
by elements X 2Mi. As such the embeddings appear to
be internal degrees of freedom. This degree of freedom
transforms exactly in keeping with a representation of
the residual symmetry, in that a monopole embedding
X 2 M transforms as X 7! Ad(h)X .
This behaviour is precisely the same as for elementary
particles. Elementary particles are a collection of their
representations. Their representation under Lorentz
symmetry denes their spin. Their representation under
gauge symmetry denes their interactions. The above
results exhibit a similar nature for monopoles, with their
embeddings dening their gauge representation. The be-
haviour of monopoles under spatial rotations has been
similarly considered [11].
For illustration, consider a quark q transforming under
colour SU(3)C gauge symmetry. The quark eld  (r)
takes values in C3 with the red, green and blue quarks
forming a basis. This quark eld naturally decomposes
into a real magnitude and an internal direction
q(r) =  (r)v(r); vyv = 1;  2 R; (135)
whereby  represents the eld theoretic nature of the
quark, and v represents the internal degree of freedom.
A gauge transformation of the quark eld acts only upon
the internal degree of freedom
v(r) 7! v0(r) = g  v(r); g 2 SU(3)C: (136)
At a point r0 these maps out a gauge orbit
SU(3)C  v(r0) = SU(3)C
C(v(r0))
; (137)
where C(v(r0)) = SU(2)  SU(3)C. This orbit is char-
acteristic of both the quark’s symmetry and representa-
tion.
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Comparing the behaviour of the quark to the above
properties of non-Abelian monopoles reveals that the la-
bel X 2 Mi achieves exactly the same purpose as the
internal degree of freedom for the quark. They take the
same roles. Both dene orbits that are characteristic of
their gauge transformation properties. Both orbits are
consistent with a representation of the gauge symmetry.
Additionally the red, green and blue quarks repre-
sent distinct points in the gauge orbit, with their span
covering the space of coloured quarks. Fundamental
monopoles play a similar role, with their span dening
the lattice of magnetic charges.
We now enquire as to how a quantum theory of
monopoles should eect the above picture. Although the
treatment in this paper is semi-classical in nature, can
the analogy with the above quark be carried any fur-
ther? In particular the symmetries of a semi-classical
monopole should naturally have a counterpart on the
quantum level.
Technically, a representation and its linear structure
is intrinsically linked to rst quantisation. Semi-classical
monopoles have a gauge orbit associated with their de-
generacy. A eld  (r) then provides the linear structure
that complements the gauge orbit to form a representa-
tion. Thus a statement that monopoles form a represen-
tation refers to the eld theory of monopoles.
Monopoles become quantum mechanical when the
Compton wavelength of a monopole is much smaller than
its core. Estimating the Compton wavelength from the
monopole mass




this compares to the core size
r  (ev)−1: (139)




i.e. in the strong coupling regime of the gauge theory.
In this regime it is entirely reasonable that the monopole
would be represented by elds as in Eq. (135). Likewise,
the gauge symmetry structure should carry over to that
regime, as in elementary particles.
So, how do the interactions between monopoles behave
in such a strong coupling regime? The magnetic charge of





dS  h;Bi: (141)






This indicates that the stregth of the inter-monopole in-
teractions is proportional to the inverse of the gauge
coupling. Therefore in the strong coupling regime the
inter-monopole gauge interactions become well dened
and perturbative in nature.
Such reasoning leads to the following picture. Whilst
the gauge coupling is small, monopoles are semi-classical
with a core size much larger than their Compton wave-
length. They have a degeneracy given by a representation
of the residual symmetry group, and these represent dis-
tinct gauge equivalent semi-classical monopole congu-
rations. However, it is unclear how this degeneracy man-
ifests itself in the dynamics as the associated magnetic
coupling 4=e is large.
When the coupling e is large the converse picture
arises. The monopole is quantum mechanical, with a
core much smaller than its Compton wavelength. Then
the monopole degeneracy is fully compatible with a gauge
interaction between monopoles; the gauge coupling 4=e
is small and the interactions are perturbative. In that
case it is reasonable to view the concept of an individ-
ual monopole as misleading and instead think of the
monopoles as a quantum eld. Such a eld should
be compatible with the underlying symmetries of the
monopole conguration.
In conclusion we reiterate the results of this paper. We
have shown that the gauge orbits of semi-classical embed-
ded monopoles are fully consistent with a representation
of the residual gauge symmetry. In particular this rep-
resentation is that of the residual gauge symmetry upon
the massive gauge bosons. In the strong coupling regime
these results are consistent with monopoles assuming the
role of elementary particles that interact perturbatively
under the residual gauge symmetry.
I acknowledge King's College, Cambridge for a junior
research fellowship and thank T. kibble and P. San for
comments on the manuscript.
APPENDIX A: EMBEDDING MONOPOLES
For the analysis of this paper we require that embed-
ded monopoles are dened by the inclusion MQ  Mi,
where su(2)Q = u(1)Q MQ. We now prove that this
condition necessarily and suciently denes the embed-
ded monopoles.
It will be necessary to use the eld equations of the




hDF ; Xi = hJ ; Xi (A2)
= had(X); Di − hD; ad(X)i; (A3)
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where the scalar eld takes values  2 V = G and the
gauge eld takes values A 2 G.
An embedded monopoles is a non-Abelian ’t Hooft-
Polyakov monopole Ansatz




r^ ^ tQ; (A5)
g(; ’) = exp((t2 sin’− t1 cos’)): (A6)
dened on the embedded theory su(2)Q  G. This em-
bedding naturally decomposes G globally into
G = su(2)Q  su(2)?Q: (A7)
Likewise it decomposes the scalar eld values into
V = VQ  V?Q ; (A8)
where
VQ = R0 R ad(M)0: (A9)
The above Ansatz provides a solution providing that
elds in the embedding do not source elds outside that
embedding. This requires
hDD(r);V?Q i = 0; (A10)
hJ(r); su(2)?Qi = 0: (A11)
Application of the eld equations then implies
hΨ; @V
@
[]i = 0; Ψ 2 V?Q ;  2 VQ; (A12)
had(Y );VQi = 0;  2 VQ; Y 2 su(2)?Q: (A13)
Since Eq. (A7) is invariant under the action of su(2)Q
and the inner product is invariant under the action of G,
Eq. (A13) may be expressed equivalently as
had(Y )0;VQi = 0: (A14)
Then using Eq. (A9) and had(G);i = 0 expresses this
as
had(Y )0; ad(MQ)0i = 0; Y 2 su(2)?Q: (A15)
To this we apply the following result, proved in [8]:
had(Xi)0; ad(Yj)0i = ijhXi; Yji;
Xi 2Mi; Yj 2 Mj ; (A16)
with i =k ad(Xi)0 k = k Xi k. This shows that the
orthogonality between su(2)Q and su(2)?Q is respected
only for embeddings within the gauge families. Hence we
infer that the monopole embeddings are specied by the
MQ that are dened by
MQ Mi: (A17)
Completing the proof.
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